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Abstract. Let G = U(2m,Fq2) be the finite unitary group, with q the 
power of an odd prime p. We prove that the number of irreducible com- 
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the value of any character of \]{n,W^2) at any central element, using the 
characteristic map of the finite unitary group. 
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1. Introduction 

Let U(n, Fg2) denote the finite unitary group defined over tlie finite field ¥q 
with q elements, where q is a power of the prime p. A semisimple character 
of U(n,F^2) is an irreducible complex character with degree prime to p. If 
an irreducible complex character x of a finite group G is real- valued, then 
X is called symplectic if its associated complex representation cannot be 
defined over the real numbers (otherwise, the real- valued character x is called 
orthogonal; see Section [2?T|) . In [6j, it was conjectured that when q is odd, 
the group U(2m,Fg2) has exactly semisimple symplectic characters. 

The main result of this paper is the proof of this conjecture. 

In Section [21 we give definitions and notation to be used in the rest of 
the paper. In Section [3l we give a combinatorial characterization of the 
irreducible characters of the finite unitary group. In particular, Theorem 
3.31 gives a map between the character ring of the finite unitary group and 
a ring of symmetric functions, coming from the development in [13]. This 
map is the primary combinatorial tool used in the rest of the paper. In 
Section [31 we obtain a formula for the value of any character of the finite 
unitary group at any central element, in Theorem 14.11 which is analogous 
to the corresponding formula for the finite general linear group. In Section 
5.11 we give results which tell when a semisimple (or regular) real-valued 
character of U(n,Fg2) is symplectic or orthogonal, and relates this to the 
value of the character at a specific element of the center, which is exactly 
where we apply Theorem 14.11 Section 15.21 is a bit of an aside which explains 
why the results of Section 15.11 do not extend to all characters of the finite 
unitary group. 

Finally, the main result is proven in Sections [6] and [3 In Section [6l 
a bijection is established between the real-valued semisimple characters of 
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U(n, Fgi) and the self-dual polynomials in ¥q[x] of degree n (when q is odd). 
In Section [7l after several Lemmas, it is shown that the semisimple symplec- 
tic characters of U(2m,Fg2), q odd, correspond to the self-dual polynomials 
in Fg [x] of degree 2m with constant term — 1 , and the proof of Theorem 17.11 
is completed by counting these polynomials. 

The context of the main result of this paper, and the reason why it was 
originally conjectured, are as follows. Let r denote the transpose-inverse 
automorphism of the group C/„ = U(n,Fg2), so that T{g) = for any 

g G U(n,Fg2), and let Unir) denote the split extension of the group Un by 
the order 2 automorphism r. Then, the irreducible characters of f/„ which 
extend to irreducible characters of Un{T) are exactly the r-invariant char- 
acters, which are the real- valued characters of Un- If X is an irreducible 
real- valued character of Un, then by [13\ Corollary 5.3], an irreducible char- 
acter of Un{T) which extends x is real- valued exactly when x is orthogonal, 
and takes non-real values whenever x is symplectic. 

As proven in [6], when n is odd, there exists an element xt of Un{T) such 
that (xr)^ is regular unipotent in C/„. Part of the main result of [6j is that 
if -0 is an irreducible character of Un{T) which extends a semisimple real- 
valued character of C/„, and n is odd, then ip{xT) = ±1. In fact, in the case 
that n is odd, every real- valued semisimple character of [/„ is orthogonal 
(see Section [5?!]) . 

When n is even, in f6] it is shown that although Unir) has no elements 
which square to regular unipotent elements of Un, there does exist an ele- 
ment yr such that (yr)^ = —u, where u is regular unipotent in In [6l 
Theorem 6.4], it is proven that if n = 2m is even and q is odd, and ip is an 
irreducible character of Un{T) which is the extension of a semisimple sym- 
plectic character of Un, then xiUT) is a nonzero purely imaginary number, 
where (yr)^ = —u and u is regular unipotent in Un- As a consequence, the 
element yr is not a real element of Un{T). It is then conjectured that xiv^) 
is equal to it^— g, and that there are exactly q"^~^ semisimple symplectic 
characters of U(2m,Fg2). Here, we prove the second part of this conjecture, 
in Theorem 17. II below. Counting the number of semisimple symplectic char- 
acters has significance in proving the first part of this conjecture, as it could 
be used in a calculation similar to that in the proof of 0; Theorem 6.3]. 

As discussed in the Introduction of [6J, there is a more general conjec- 
ture about the values of the characters of Un{T) which are extended from 
irreducible real- valued characters of Un, and their correspondence with char- 
acters extended from GL(n,Fq). In particular, let Gn = GL(n,Fg), and let 
Gnir) be the split extension of Gn by the transpose- inverse automorphism. 
When n = 2m is even and q is odd, we expect there to be exactly 
semisimple real-valued characters of Gn with the property that the exten- 
sions of these characters to Gn{T) take the values on elements wt, 
where (wt)"^ is the negative of a regular unipotent element of Gn- 
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In [5], Gow proves that the rational Schur index of any irreducible char- 
acter of U(n,F^2) is at most 2. It is not known in general which characters 
of the finite unitary group have Schur index 1 or 2, although partial results 
are obtained in [5l 111^ [T2]. By the Brauer-Speiser Theorem, any symplectic 
character of a finite group has rational Schur index 2, and so the main result 
of this paper also gives a lower bound for the number of irreducible char- 
acters of U(2m,Fg2), q odd, with Schur index 2 (we could also add certain 
regular and unipotent characters to this count; see Section [5]). 

Acknowledgements. The author thanks Fernando Rodriguez- Villegas 
for very helpful communication regarding Theorem I4.1[ 

2. Preliminaries 

2.1. Frobenius-Schur indicators. Let G be a finite group, and let (vr, V) 
be an irreducible complex representation of G with character x- Define the 
Frobenius-Schur indicator of x (or of vr), denoted e{x) (or e(7r)), to be 

By classical results of Frobenius and Schur, e{x) always takes the value 
0, 1, or —1, and e{x) = if and only if x is not a real- valued character. 
Furthermore, if x is real-valued, then e{x) = 1 if and only if (vr, V) is a real 
representation. That is, e{x) = 1 if and only if there exists a basis for V 
such that the matrix representation corresponding to vr with respect to this 
basis has image in the invertible matrices defined over R. 

If X is a real-valued irreducible character of G, then x is called an orthog- 
onal character of G if e{x) = 1, and x is called a symplectic character of G 
ife(x) = -l. 

2.2. The finite unitary group. Let g be a power of a prime p, let Fg 
denote a finite field with q elements, and let ¥q be a fixed algebraic closure 
of ¥q. Now let Gn = GL(n, Fq) be the group of invertible n-by-n matrices 
with entries in ¥q. For g = [oij) G G„, let ^g denote the transpose of g, so 
^g = (aji). Now, define the map F on Gn by 

F:g={a,,)^^{at^r' = {a'^^,)-\ 

The finite unitary group, denoted U(n,Fg2), is defined to be the set of in- 
fixed points of Gn, so 

\J{n,¥q2) = {g G GL{n,¥q) \ F{g) = g}. 

We will also denote U(n,Fq2) by Un- 
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2.3. Partitions and mult i- part it ions. Let 

V = \^'Pni where Vn = {partitions of n}. 

n>0 

For u = (z^i, f2, . . . , f/) G Vn, n > 1, the length l{y) of u is the number of 
parts ^ of z/, and the size \v\ of is the sum of the parts of u, so \u\ = n. 
We consider Vq to have one clement, the empty partition 0, which has no 
parts, so (-{0) = |0| = 0. Let v' denote the conjugate of the partition v. 

We also write 

= (r"iH2'"2H...)^ where mi{u) = \{j ^ 'L>i\ Uj = 

Define n{u) by n{v) = YljH ~ 

We may also think of a partition v as collection of points, where the part 
corresponds to the points (i, 1), (i, 2), . . . , (i, i/j). We correspond to this 
collection of points a Young diagram for u, which is a collection of rows of 
boxes in the positions given by the coordinates of that row. We take the 
upper-left corner as (1,1), and increase the first coordinate moving to the 
right, and the second coordinate moving downwards. We write □ e i/ to 
denote a box of the Young diagram of i^. If □ G i/ is in position (^, j), then 
the hook length of □ in h{C\), is defined to be 

h{n) = Ui-u'j-i-j + l. 

Now let X be some collection of finite sets (which in the next section we 
will take to be orbits of the Frobenius map). An X -partition (or a multi- 
partition) is a function \ : X —>■ V, where for X G Af, we write \{X) = X^^\ 
Define 

r:^ = \x:X^r I j:|X||AW| = n|, andP^=U^„^- 

I X£X J n>0 

If A G Vn , we say that A has size n, and write |A| = n. For any A G V"^ , 
define the conjugate A' G V-^ by (A')^'') = (A^^))', and define n(A) and £(A) 

by 

n(A) = J2 I^I^C-^^^^)' and ^(A) = ^('^^^^)- 

xex xex 

If A G i we may think of the Young diagram for A to be a list of the 
Young diagrams A^^\ labelled by each x £ X. Then we write □ G A for a 
box in one of the Young diagrams X^^\ If □ G A is in position (i, j) of X^^\ 
for X E X, then we define the hook length of □ G A, written h(n), to be 
h(n) = |x|/i(n), where h{D) is the hook length of □ G A^"^). 

2.4. Symmetric functions. Let X = {Xi,X2, ■ ■ ■} be an infinite set of in- 
determinates. Let A = A{X) denote the ring of symmetric functions in X, a 
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definition for which we refer to \10\ Section 1.2]. For any u = (i'i,i'2, ■ ■ ■ 
we let Pu{X) denote the power-sum symmetric function, defined by 

p,{X) = p,,{X)p,,{X) ■ ■■p,,{X), where p^{X) = J^Xf. 

i>l 

For any A G "P, we let sx{X) denote the Schur function (see [lOl Section 1.3]), 
and for any fi £ V and indeterminate t, we let P^{X;t) denote the Hall- 
Littlewood function (see [10, Section III. 2]). Recall that the sets {p^{X) \ 
v G V} and {sx \ A G V} are C-bases for A, and for any t £ C^, the set 
{Pn{X;t) I n £ V} is also a C-basis for A. 

3. The characters of finite unitary groups 

3.1. Orbits of Frobenius. Consider the Frobenius map F, defined in Sec- 
tion [221 acting on Gi = • For any a G F^, let [a] denote the F-orbit of 

a, so 

[a] = {a,a-^a'?',...,a(-'?)'"'}, 

where if \ [a]\ = d, then Let $ denote the collection of the orbits 

of F acting on F^ : 

$ = {F-orbits of ¥^}. 

We will typically denote an element of $ by /, as these F-orbits correspond 
to certain polynomials over ¥^2 (see [U [l3j ) . 

Now let Tfn denote the F^-iixed points of F^ , so that, for example, 

Ti = {a G F^^, I a^+i = 1}, 
and when m = 2Hs even, we have T21 = ¥^21 ■ Note that we have 



U Tm=¥^, 
m>l 

SO that we may view F^ as the direct limit, 

Gi = limTm. 

We also have norm maps, Nm^r, whenever r\m, 

(3.1) ^(Wr)-i i^aYi ' where m,r G Z>i, r I m. 

Now consider, for each m > 1, the group of characters T^, 

Tm = '■ Tm — > I 1^ a multiplicative homomorphism} . 

Whenever r|m, we may use the transpose of the norm map Nm^r, which we 
denote A''^^^ to embed Tr into Tm, as follows: 

AT* • T > T 
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Now, we may consider the direct limit of the groups Tm with respect to the 
maps N^^, which we denote by L: 

L = hm Tm ■ 

The Frobenius map F acts naturally on each Tm, and so acts on their direct 
limit L. Let Q denote the collection of F-orbits on L: 

e = {F-orbits of L}. 

If ^ G L, we let [£,] denote the F-orbit of ^, so [^] G 9. 

Note that we can also consider the inverse limit of the groups Tm with 
respect to the norm maps Nm,r, which we denote by T: 

T = limTm. 

Then, the group of characters T of T, is isomorphic to -L. If we consider 
the set Lm of F'^-fixed elements of L, then we may identify it exactly with 
Tm- With this identification, we may pair elements of L with elements of 
F^, since 

¥^=\jTm and L = |Jl^, 

m m 

and Lm is identified with Tm- Given ^ £ L and a G , if ^ G Lm and 
a G Tm, then we may consider the natural pairing ^(a), which we also 
denote by ^(a)m to emphasize the location of the pairing. If we have ^ G -L^, 
and r\m, then we may embed Lr in Lm through the map ^. In this case, 
if a G Tr, then also a G Tm, and we may take the pairing of ^ with a taking 
either ^ G L,, or ^ G Lm- Then, from the definitions of the maps Nm,r in 
Equation (j3.ip and N^^. in Equation (j3.2p . we have 

(3.3) = mmA(^))r = 

When q is odd, define the character a of Ti by (j{(3) = —1, where /? is 
a multiplicative generator of Ti, and also let a denote the corresponding 
element of L. Note that the definition of a is independent of the choice 
of generator of Ti. Also note that for any m > 1, if /3 is a multiplicative 
generator of T^, then we have cr(/3)m = — l, since Nm,ii(3) is a multiplicative 
generator for Ti. 

We will let 1 denote the trivial character of any finite group, or of the 
element of L corresponding to the trivial character. 

Remark. The set which we describe above was defined incorrectly 
in [13j, where we erroneously identified F^ with the inverse limit of the 
Tm's, rather than the direct limit, as above. This error was carried over in 
[6]. This error is only cosmetic, however, in that it does not affect any of the 
results obtained in |13l E] . The description of we give here should replace 
the flawed description given in [13] and [6] . 
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3.2. Conjugacy classes. Recall the sets of F-orbits, $ and 0, defined in 
Section 13.11 We consider A'-partitions, where X = ^ oi X = Q. When 
A" = $, we have the following, which was proven in [H I15j. 

Theorem 3.1 (Ennola, Wall). The conjugacy classes of the group U(n,F^2) 
are parametrized by , the ^-partitions of size n. 

If S , we let Rf^ denote the conjugacy class of U(n, Fg2) which 
corresponds to /x by Theorem 13. 1[ We note that, in particular an element 
in the conjugacy class K^^ has characteristic polynomial 

(see imH] for the precise correspondence). For example, if z = al, a G Ti, 
is a central element of U(n,Fg2), then z € K^^, where fi^^"'^^ = (1"), and 
^{/) = if J ^ {ct}- We also have a precise description of the orders of 
the centralizers of elements in each conjugacy class of U(n,Fg2), as in the 
following. 

Theorem 3.2 (Ennola, Wall). Let g € U(m,Fg2) be in the conjugacy class 
Rf^, for fi G "P*. Then the order of the centralizer of g in U(m,Fg2) is 

rrii 

«M = (-1)''^' n v/)((-«)'^')' ^^e^e "/^(^) = xI'^i+^^ca') J] j](i-(i/x)i), 

/e* i 3=1 

for 1^1 = (l"^i2™2 3™3 ...) e p. 

We now consider the set V®, and we first describe a bijection between 
the sets and which will be used later. Let A G V^. Then for 
each if G Q such that A*-*^^ ^ 0, we must have \ip\ < n. Since an element 
^ G satisfies ^ G T]^|, and T^ may be embedded in T^ whenever r|?Ti, as 
described in Section 13. H we may assume each (/? G such that A'-'^-' ^ 
satisfies 99 C T^i. Similarly, if /x G 7-"*, then we may assume that each orbit 
/ G ^> such that /x^-^) / satisfies / C T^;. 

Both Tn\ and Tn\ are cyclic groups of order g"' — (—1)"'. Let a be a 
multiplicative generator for r^i, and define ^ G T^i by letting ^(a) = C,, 
where C is a primitive (n!)-th root of unity. Then, the map d : T„! — > T^i, 
defined by d{a) = ^, is an isomorphism, and the Frobenius map F commutes 
with d. So, d may be extended to a map of i^-orbits of Tn\ to F-orbits of 
r„!, which we call d. That is, for any a G T^i, we have 5([a]) = [9(a)]. 
Finally, we may use d to define a bijection A : — > "P*, as follows. For 
each A G "P®, define 

(3.4) A(A) = /X, where /x^'"]) = A(^(["]» for each a G T^i. 

It follows directly from the construction of A that it is a bijection. We 
will see that in fact the set naturally parametrizes the set of irreducible 
characters of the group U(n,Fq2). 



8 



C. RYAN VINROOT 



3.3. The character ring and DeUgne-Lusztig characters. Let C„ be 

the ring of C-valued class functions of U(n,F^2), and let C = ©n>iC'„. If 
tpi £ Ci, Tp2 £ Cj, for some i,j > 1, let V'l © ^^2 denote the class function 
obtained by Deligne-Lusztig induction (see [UEllS] for a definition), so that 

V'l V'2 = Ru^^h, i^i ^2) G Ci+j. 

Now, C is a graded C-algebra, where is the graded product (see [l3]). We 
may equip each Cn with the usual inner product of class functions of a finite 
group, denoted by (•, •), which can be extended to C by defining Q and Cj 
to be mutually orthogonal when i ^ j. 

For each /x G "P*, n > 1, let /t'^ denote the indicator class function for the 
conjugacy class K^^ of [/„. Note that the set {k^ \ fi €z "P*} is a C-linear 
basis for C. 

The maximal tori of [/„ are isomorphic to Tu = T^^ x • • • x Ty^, , as = 
(i^i, . . . jVl) ranges over partitions i' £ Vn- If 71/ is a maximal torus of 
Un, and : — > is a linear character of Tj^, we let Rt^^ denote the 
Deligne-Lusztig virtual character of Un corresponding to the pair {Ti,,9) (see 
[D El E])- Given a pair (Tj,, 0), we have 6 = 9i(^02® ■ ■ ■ ®0^, where 9i G Tj,. . 
We associate to the pair {Ty,9) an element r^^e G 'Pn W defining, for each 

G e, 

(3-5) = (j^n/bl,J^i2/bl, • • •) such that 6*^, , (9^2 , . . . G 

It follows from [9j that the set {-Rr„,6» I "^ufi £ T'®} is another C-linear basis 
for C. 

3.4. The characteristic map. In this section, we give a description of the 
irreducible characters of U(n,Fq2) using symmetric functions, following the 
development in [13]. 

For each / G $ and each ip £ Q, define infinite sets of indeterminates 

X(^) = {XP I i > 1} and F^^) = {^/'^^ | i>l}. 

We consider symmetric functions in the X and Y variables, and we relate 
symmetric functions in these variables through the following transform: 

(3.6) p„(yM) = (_i)"l^l-i ^ C{a)PnM/iax(M), 

where a G fa, S, ^ the pairing ^(a) is taken with ^ G and the 

power-sum symmetric function pz is taken to be if 2: is not an integer. 

For any fi G "P*, define a generalized version of the Hall-Littlewood sym- 
metric function in the X variables by 
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We now define a ring of symmetric functions A by 

A = 0A„ where A„ = C-span{P^ | G P*}. 

n 

For any A, £ "P®, we define a generahzed Schur function s\ and a power- 
sum function in the Y variables by 

sx=\{ s^(,){Y^^y) and P. = J] PuiAY^^^)- 

It follows from Equation (j3.6p , and the results recalled in Section 12.41 that 
we also have 

A = 0C-span{sA | A G P®} = C-span{p^ | ugV^}. 

n n 

Now, A is a graded C-algebra, with graded multiplication given by normal 
multiplication of symmetric functions, and the grading given by the degree 
of a symmetric function, except by weighting the variables in X'^f^ by |/| 
and the variables in y^"^) by That is, each element of A„ has grading n. 
We define a Hermitian inner product on A by defining, for any fJ.,!^ ^ V^, 

(3.7) {P^,P^) = 6^^a-^\ 

and extending linearly, where is the size of the centralizer of the conjugacy 
class in U^, as given in Theorem I3.2i Now, both C and A are graded 
C-algebras with Hermitian inner products. For a proof of the following, see 
[T3| and the references listed there. 

Theorem 3.3. Define a map ch : C ^ A by letting ch(K^) = for each 
/X G , and extending linearly. Then ch is an isometric isomorphism of 
graded C-algebras. 

For any A G "P®, define x"^ G C by 

X^ = ch-l ((-1)LI^I/2J+"W,;,). 

Then, the set {x^ \ A G "P®} is the set of irreducible characters o/U(m,Fg2). 
For any v G P®, define by 

Then, the set {Rn \ v G P®} is the set of Deligne-Lusztig virtual characters 
o/U(n,Fg2), and for each v G P®, = Rxr^fi where v = Tn,e- 

If is a character of U(m,Fg2), and fi G so that K'^ is a conjugacy 
class of U(m,Fg2), then let X'^it^) denote the value of the character x'^ at 
any element of the conjugacy class K^. Then Theorem 13.31 implies that 
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and so, from the definition of the inner product on A in ()3.7I) . we have 
X^/^) = ((-l)L-/2J+"WsA,a^P^). 

It also follows from Theorem 13.31 that the s^s form an orthonormal basis 
for A, and so we have 

(3.8) a^P^= (-1)L"/'J+"(^^X^(ax)5-a, 

where sx is obtained by taking the complex conjugates of the coefficients of 
the P^^s, when sx is expanded in terms of the Pfj,. 

3.5. Character degrees and real-valued characters. Recall the defini- 
tion of the hook length of a box in the Young diagram of a multi-partition, 
given in Section 12.31 Let 1 denote the identity element in the group Um = 
U(m,Fg2). If is an irreducible character of Um, then the degree of is 
the value x'^(l)- The following result, proven in |13t Theorem 5.1], gives a 
formula for the degrees of the characters of Um- 

Theorem 3.4. Let A G "P®. The degree of the character x"^ is given by 
\ _ „n{x') ni<i<m(g' ~ 

We will give a generalization of Theorem 13.41 in Section [U where we give 
a formula for the value of at any element of the center of the group Um- 

Let ^ S L, where L is the direct limit of the character groups Tm defined 
in Section [3.11 If (/? = [^] is the F-orbit of ^, then we let ip denote the F-orbit 
of the complex conjugate ^, so (p = [^]. For any A G P®, we define A by 
A'-'^^ = A^*^-* for each 99 G 0. The following result, proven in [6l Lemma 
3.1(ii)], describes exactly when a character of U(n,F^2) is real-valued. 

Theorem 3.5. Let A G "P®. Then the character x"^ o/U(n,F^2) is real- 
valued if and only if X = A. 

4. Values of central characters 

In this section, we obtain a formula for the value of any irreducible char- 
acter of U(n,Fg2) at any element of the center of this group, which is the 
set of scalar matrices {aL \ a G Ti}. The formula we obtain is analogous to 
the formula for GL(n,Fg) obtained by Macdonald in \10\ IV. 6, Example 2], 
and our proof of Theorem 14.11 below follows the proof for GL(n,Fg) which 
is suggested in [10]. The proof is also similar to [131 Theorem 5.1]. 

Theorem 4.1. Let z = al be in the center o/U(n,Fg2), where a G Ti, and 
let x"^ be an irreducible character o/U(n,F„2). Define ujx G Li by 



->,=nn5 

Then, x^{z)=0Jx{a)ix\'^)- 
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Proof. Let z = al he an element of the center of U(m,Fg2), with a £ Ti. 
The conjugacy class {z} corresponds to the element G defined by 

M«"» = (l'"), and /xi-^)=0 if {a}//Ga>. 
From (13.81). we have 



(4.1) a^^P^^ = (-l)L-/2j+n(A)^A(^)-^, 

' m 

From Theorem 13.21 and the definition of we have 

a^^ = (-l)-a(i™)(-g) = (-l)-(-g)™+2n((i'")) ^1^^^ _ (_^)-,) 

= nr=i (1 - (-9)^) • 



Now, since P(im)(x;t) = em{x), the elementary symmetric function (by [10 
III.2.8]), we have 

^ ^ = nr=i(i-(-'?y)e„.(x(w)). 

So, from ()4.1|) and ()4.2p . we have 

m 

(4.3) n (1 - = E (-l)L"^/'J+"^^^X^(2)^"A. 

Define a C-algebra homomorphism : A ^ C by 

' (-i)™-V('z'" - (-in if / = {«}, 



5„(p^(X(/))) 



if //{«}. 



Now, as in [131 Equation (5.4)], we have 
(4.4) 



(/))0P„(X(^)). 



log! E sa®^"a) =E^E(9"'^'-(-ir'^'K(x 

\AeP® / n>l /g$ 

Noting that 5o, passes through the logarithm function on symmetric func- 
tions, we apply 5q (8i 1 to both sides of ()4.4p and obtain 

log ( E ^Msx] = E =iogn(i+^p^)- 

\\ev^ / m>l i 

Applying the exponential map, and expanding the product on the right into 
a sum of elementary symmetric functions, we have 

5;e„(X«°»)= ^ 6^{sx)sx, and so e„(X«"») = ^ Saisx)sx. 

m>0 AG-pe AG-P® 
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Now, by comparing the coefficients of sx in this with those in ()4.3p . we have 

m 

(4.5) x\z) = (_l)L-/2j+n(A) -Q (1 _ 

Using the transform in Equation (13. 6p . we calculate 5a(pm(^^'^^))! for any 
G 0, and obtain 

e(a) 



qm\ifi\ _ ^_l^m\ip\ ' 

where £, £ (f, and since a G Ti, the value is invariant under the choice of ^. 
Since we also have ^ £ Tj^|, we may apply Equation (13. Sp . and obtain 

UPmiY^''^)) = (-1)1^1"^ = (-1)I'^I™E^(«)m(-9)"''''"- 

So, we have 

That is, when 6a is applied to a homogeneous symmetric function in 

of graded degree the effect is multiplication by [—1)^™- and replacing 

the variable Y^'^'^ by particular, for any A G "P, 99 G 0, 

we have 

6a {sx{Y(^^)) = (-1)1^1 I^I.A(e(a)|^|(-c?)-I^U(«)|^|(-9)-'l^l • • • ) 

= g-|^l|A|^(«)jA|,,(^l,(_g)-|^|,(_g)-2M,...y 

Now, applying [10^ 1.3, Example 2], we may rewrite the above as 
(4 6) 6 f..(y(-))l - ^(af\ 

^^•6) )J - ^^^^ _ ■ 

As mentioned above, regardless of the choice of ^ G <y9, the value C(o;)|^| is 
unchanged. So, for any ^ £ ip, we have 

i/lvl 

Now, we have n^gi^^'"^' invariant under F-action, and so it is in Li. 
So, we may evaluate the above character value with the point of view that 
n^gj^^l'^l G Li, and applying (|3.3p . we have 

(4.7) f(«)S = fn^Hi'"") =n^(")i"- 

So, in Equation (j4.6p . we may replace C(a)j^'j by H^gi^ '^(a)i^' • 
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bmce sx = 

n^eeSA(^)(^^'^^)' then from ^ and we now have 

Finally, we may substitute (j4.8p into (j4.5p to compute the value of x^{z). 
The first factor of (j4.8p is exactly 01^(0) i- Now consider the second factor 
of the product in (|4.8p . together with the other factors on the right-hand 
side of ()4.5p other than 5a{sx). It follows from Theorem 13.41 together with 
the calculation made at the end of the proof of Theorem 13.41 as it appears 
in [131 Theorem 5.1], that 

Combining with (jiTS]) and (|iT9]) . we finally have x^{z) = uJx{a)ix^{l), 
as desired. □ 

For an irreducible representation vr of a finite group G with character it 
follows from Schur's Lemma that the center of G acts by scalars on the space 
corresponding to vr, yielding the central character of the representation vr (or 
of the character x); which we denote oj^^. If G = U(n,Fg2), and x = X"^; 
then Theorem 14.11 may also be stated as uj^{z) = ujxioi)i, for any element 
z = al of the center of U(n,Fg2). 

5. Regular, semisimple, and unipotent characters 

5.1. Regular and semisimple characters. If G is a finite group of Lie 
type defined over ¥q, and q is the power of the prime p, where p is a good 
prime for G (see flj), then a character of G is called semisimple when its 
degree is not divisible by p. In the case that G = U(n,Fg2), p is always a 
good prime for G (since the group is type A). From Theorem 13.41 the p-part 
of the degree of the character x^ of Um, where A G "P.®, is exactly q'^^^\ 
Thus, the character x^ is semisimple exactly when n{\') = 0. Since 

n(A') = |^|n((A')^'^^), where n(A') = ^(i - 1)A^ for XeV, 

(pee i>i 

it follows that n(A') = if and only if ^((A')^'^)) < 1 for every (/? G G. So, 

(5.1) x^ is semisimple 44> for all ip £ Q, X^^^ = (1™"^) for some > 0. 

Recall that the Gelfand-Graev character F, of a finite group of Lie type 
G, is obtained by inducing a non-degenerate linear character of the Sylow 
p-subgroup of G up to G (see [U Section 8.1]). An irreducible character of 
G is regular if it is a component of the Gelfand-Graev character F. When 
G = U(n,Fg2), it follows from results in [2j that for an irreducible character 



of [/, 



X is regular 44> ^(A^*^-^) < 1 for every cp G @. 
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The following result, proven in [H], gives the Frobenius-Schur indicators 
of the real-valued regular and semisimple characters of the finite unitary 
groups. We note that Theorem 15. 1( 1) below also follows from [12J Theorem 
7(ii)]. 

Theorem 5.1. Let x be a real-valued semisimple or regular character of 
U(n,Fg2). Then: 

(1) If n is odd or q is even, then e{x) = 1- 

(2) Ifn is even and q is odd, then e{x) = uJ^^^ifil), where f3 is a multiplica- 
tive generator for Ti , and uj^ is the central character corresponding 
to X- 

So, U(n,Fq2) only has semisimple (or regular) symplectic characters when 
n is even and q is odd. In the main result, we count the number of semisim- 
ple symplectic characters of U(n,Fg2), which is the same as the number of 
regular symplectic characters of U(n,Fg2). In fact, as proven in [141, Corol- 
lary 3.1], if G is a finite group of Lie type defined over F^, which comes from 
a connected reductive group over F^ with connected center, then the number 
of semisimple symplectic (respectively, orthogonal) characters of G is equal 
to the number of regular symplectic (respectively, orthogonal) characters of 
G. 

5.2. Unipotent characters. A unipotent character of \]{n,¥q2) is an irre- 
ducible character which appears as a component of a Deligne-Lusztig char- 
acter of the form Rt^^i, when it is decomposed into a linear combination of 
irreducible characters. In this section, we use unipotent characters to show 
that the results in Theorem 15.11 on Frobenius-Schur indicators do not hold 
in general for all characters of U(n, Fq2), expanding on the remark made 
immediately after the proof of [141 Theorem 5.2]. 

Consider a Deligne-Lusztig character of the form -Rt^,i, where € Vn- 
From Equation (13. Sp . we have 

^ f ^ if 93 = {1}, 
'^'^ otherwise. 

From Theorem 13. 3^ we have 

(5.2) ch(i?T.,i) = (-1)"+'("V.(>^"'»). 

Also from Theorem 13.31 to expand the Deligne-Lusztig character Rt^^i as 
a linear combination of irreducible characters of U(n,Fg2) is equivalent to 
expanding the right-hand side of ()5.2p into a linear combination of Schur 
functions. We can write a power-sum symmetric function as a linear com- 
bination of Schur functions using the characters of the symmetric group, as 
in [101 1.7.8], and doing so for ()5.2p . we obtain Schur functions of the form 
sa(>'"^"), where A G Vn- As we vary v G Vn, we will obtain a Schur func- 
tion occurring with nonzero coefficient for every A G Vn, since by [Wi 1.7.8], 
this is equivalent to the fact that for every conjugacy class of the symmetric 
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group Sn, there is an irreducible character of Sn which is nonzero on that 
conjugacy class. 

It follows that the unipotent characters of U(n, Fg2) are exactly of the form 
X^, where A^"^-* = when if ^ {1}. In this way, the unipotent characters 
are parametrized by partitions A G Vn, and we write for the unipotent 
character of the form where A^''-"*"^-' = A. 

Ohmori [12] has completely determined the Probenius-Schur indicators 
of the unipotent characters of U(n,Fg2), and it is this result which we will 
apply. We first prove a lemma which allows us to write Ohmori's result in 
a different form. Given a partition A G Vn, the 2-core of A is the partition 
A C A of smallest size contained in A, such that the skew partition A/A may 
be tiled by dominoes. Equivalently, the 2-core of A is the partition which 
remains after removing all possible rim 2-hooks from the diagram for A (see 
[3 Section 2.7]). The nonempty 2-cores are exactly the stairstep partitions, 
which are partitions of the form (k,k — 1, ... ,2, 1). Let C2(A) denote the 
2-core of A. We have the following. 

Lemma 5.1. Let X be a partition of n. Let ohl(A) and ehl(A) denote the 
number of odd and even hook-lengths of A, respectively. Then, 

ohl(A) - ehl(A) = |c2(A)|. 

Proof. We note that the claim is equivalent to 

(5.3) |A| = |c2(A)|+2(ehl(A)), 

since ohl(A) + ehl(A) = |A|. The 2-weight of A, which we denote W2{X), is 
the number of rim 2-hooks which have to be removed from A in order to get 
the 2-core of A (see [3 Section 2.7]). So, |A| = |c2(A)| + 2w2iX). Prom [71 
2.7.40], we have W2iX) = ehl(A), giving □ 

Using Lemma l5.ll we may now state the result of Ohmori [121 Corollary] 
in the following form. 

Theorem 5.2 (Ohmori). Let x"^ be a unipotent character o/U(n,Fg2) cor- 
responding to the partition X of n. Then, 

^(X^) = (-1)LI-(^)I/^J. 

We now use Theorem 15.21 to see that the results in Theorem 15.11 do not 
extend in general to all real- valued characters of U(n,Fg2). Note that from 
Theorem 14. 1^ if x'^ is a unipotent character of U(n,Fg2), then the central 
character uj^x of x"^ is trivial, so u>^\{z) = 1 for all central elements z of 
U(n,F,2). 

Consider the case when n is even and q is odd, and let n = 2m > 6. 
Consider the partition A = (n — 3,2, 1). Then, the 2-core of A is obtained 
by removing n — 6 squares from the first row of A, so that C2(A) = (3, 2, 1). 
So, by Theorem 15.21 e(x^) = while the central character of takes the 
value 1 for every central element. In particular, e(x'^) / ^x^^^'^'^^ where /3 



16 



C. RYAN VINROOT 



is a multiplicative generator of Ti. Similarly, in the case that n > 3 is odd, 
if A = (n — 1, 1), then x'^ of \J{n,¥g2) is such that = — 1- 

6. Self-dual polynomials 

Let K be any field such that char(i^') ^ 2, and fix an algebraic closure 
K of K. A polynomial g{x) G K[x] is called a self-dual polynomial if it is 
monic, non-constant, has non-zero constant term, and has the property that 
for any a S , a is a root of g{x) with multiplicity m if and only if is 
a root of g{x) with multiplicity m. See [16, Section 1] for the basic results 
on self-dual polynomials which we now state. If h{x) € K[x] is a monic, 
non-constant polynomial with nonzero constant term, define h{x) G K[x] 

by 

(6.1) h{x) = h{0)-^x'^h{l/x), where d = deg(/i(x)). 

Then h{x) is a self-dual polynomial if and only if h{x) = h{x). Note that 
the only irreducible self-dual polynomials of odd degree are x + \ and x — 1. 
Any self-dual polynomial g{x) = g{x) may be written as a product 

k I 

(6.2) g{x) = {x- lYix + If ll{v,{x)Ux)r'l[r,{xr^, 

i=i j=i 

where each Vi{x),rj{x) £ K[x] is irreducible over K, Vi{x) ^ Vi{x), rj{x) = 
rj{x), and rj{x) ^ x 1. Note also that any self-dual g{x) £ K[x] has 
constant term ±1, and the constant term is 1 exactly when s in the product 
()6.2p is even. 

We now consider the case when K = ¥q, where g is odd. For any a G , if 
d is the smallest non-negative integer such that a'^'^ = a, then the polynomial 

h{x) = {x — a){x — a'^){x — a"^ ) ■ ■ ■ {x — a'^ ), 

is an irreducible polynomial in Fg[x], and every non-constant irreducible 
polynomial in ¥q[x] with non-zero constant term is of this form. Note that 
h{x) is self-dual if and only if we have {a, • • • , a^'' ^} = {a~^, • • • , a"^"* ^}, 
and if these sets are not equal, then we have 

h{x)h{x) = Ylix - a«')(x - «-«'), 

i=0 

is a self-dual polynomial. The factorization in (j6.2p says that these are 
essentially the only ways to get self-dual factors of self-dual polynomials. 
We will say that these two types of polynomials are irreducibly self-dual 
polynomials, so that (j6.2p gives the factorization of any self-dual polynomial 
into a product of irreducibly self-dual polynomials. 

Let a G , and let d be the smallest non-negative integer such that 

a'^'' = a. Note that we have 

(6.3) [a] U [a^^] = {a, . . . , a^""'} U {a~\ . . . , a"''''"'}, 
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where [a] is the i^-orbit of a, as in Section 13.11 It follows that every irre- 
ducibly self-dual polynomial in Fq[x] is of the form 

n (^-7), 

7e[a]U[a-i] 

where [q] G From this observation, and the factorization in (16. 2p . it 
follows that self-dual polynomials in ¥g[x] of degree n are in one-to-one 
correspondence with elements S "P* such that, for every / G /i^-^-* = 
(1™-/) for some mj > 0, and /x^-^^ = tJ,^^\ where if / = [a], then / = [a^"*^]. 
Let S^^n denote this subset of P*. We define a bijection p from to the 
set of self-dual polynomials of degree n in ¥q[x] by 

(6.4) p:/,^ J|J|(^ + ^)™/. 

Now consider the set of real- valued semisimple characters of U(n,Fg2). 
Prom Theorem 13.51 and (jS.ip , these are the characters of the form with 
A G where, for every G 6, A^^^ = (l"'^) for some m^p > 0, and A = A. 
Let 5e,n denote this subset of corresponding to real-valued semisimple 
characters of U(n, Fg2). Recall the bijection A : —>■ defined in Section 
13. 2i It follows directly from the definition of A that if A^*^^ = A^"^^ for every 
V? G e, then A(A)(-'') = A(A)(-'') for every / G <I>. Therefore, A gives a 
bijection from 5e,ra to S^^n- We summarize these observations as follows. 

Proposition 6.1. For each real-valued semisimple character o/U(n,Fg2), 
map the corresponding A G Sq^yi to p{/S.{\)), which is a self- dual polynomial 
in Fg[a;] of degree n. This map is a bijection, that is, the map 

^ A(A) = fih^ p{n) 

gives a bijection from the set of real-valued semisimple characters of\J{n, ¥q2) 
to the set of degree n self-dual polynomials in ¥q[x]. 

From the definition of the bijection p o A from Sq^u to the set of degree 
n self-dual polynomials in Fg[x], for A G 50.„, each partition A*-'^-' = (1"^^) 
corresponds to a factor Y\y;^fix + j)"^'^, where d{f) = (p and ruf = m^, and 
d is as defined in Section 13.21 The choice of defining the map p in (j6.4p with 
factors in the form (x + 7) instead of (x — 7) is so that we have the following 
fact, which is key in the counting argument in the proof of our main result. 

Proposition 6.2. Let A G Sq^u, o-nd let a ^ L he the character as defined 
in Section I3.il Through the bijection p o A from 5e,n to the set of degree 
n self- dual polynomials in¥q[x\, the partition A^'''^^^ = (1'"'^) corresponds to 
the factor {x — 1)™"^. In particular, the self-dual polynomial (p o A) (A) has 
constant term ( — 1)"^'^. 

Proof. It is enough to show that 1]) = [a], or just that d{—l) = a, 
which is the same since [—1] and [a] are singleton F-orbits. Let a be a 
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multiplicative generator for the group T„!, and let C be a primitive |Tji!|-tli 
root of unity. Then al^"'l/^ = -1 G r„!, and = _x g and so by 

definition of d, d{—l) is the character in T„! defined by a i— > —1. This is 
exactly the evaluation of cr G L as an element of Tn\, and thus d{—l) = a. □ 

7. Proof of the main theorem 

In order to calculate the Frobenius-Schur indicator of a real- valued semisim- 
ple character of U(n,Fg2), by Theorem 15. H we must calculate the value of 
the central character at f3I, where /3 is a generator for Ti. We may calcu- 
late the value of the central character by applying the formula obtained in 
Theorem 14. 11 In the case of a real- valued character, the formula in Theorem 
14. II reduces to a particularly simple form, which we obtain in the next three 
Lemmas. 

Lemma 7.1. Let A € "P® such that A = A. Define G Li by 

if^ip or 
\ip\ even 

Then, for any a £ Ti, we have u;^(a)i = 1. 

Proof. First note that since for any ip £ Q, the character n^g^^^ ^i' 
follows that uj^ £ Li. 

First, if (f ^ (f, then both (p and (p appear in the product defining w^, 
and A^*^-* = X^'^\ since A = A. Now, for any G ip, we have = ^ £ (p. It 
follows that for this case, we have, for any a S Ti, 

Now suppose that ip = (p and |(^| is even. Since the only elements of L 
satisfying £, = are 1 and a, which are both singleton orbits in Q, we know 
that the elements of if may be paired, each ^ E 92 with ^ = £ (p. So, in 
this case we have 

We have accounted for all terms in the product defining u;^, and so we have 
a;^(a)i = 1 for every a G Ti. □ 

Lemma 7.2. Let <p> £ Q he such that (p = ^p and \ip\ is odd. Then we must 
have either (p = {1} or ip = {ex}. 

Proof. Suppose that \ip\ = 2k + 1 for some A; > 0, so if ^ € 99, then 2k + 1 
is the smallest integer i such that ^ o = ^. Since we are assuming that 
ip = (p, then there is an integer j,0<j<2k+l such that 



(7.1) 
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By composing both sides of (17. ip with we have ^ o = ^ ° F'^^ , and by 
conjugating both sides of (I7.1[) . we have F^ = ^. So, ^ = C° ^"^^ ■ Letting 
i = 2k + \ — we have ^ o = ^, and by a similar argument as above we 
obtain ^ = F^*. However, either i < k oi j < k, and since F has order 
2fc + 1 when acting on ^ and on ^, then we must have j = (and i = 2k + 1). 
From (17. ip . we must have = and in particular ^ is F-stable. The only 
such choices for ^ are i^ = lor^ = cr. □ 

Lemma 7.3. Lei A G sitc/i i/iai A = A, and let u>x denote the character 
on Ti defined in Theorem \4-l\ Let (5 he a multiplicative generator for Ti . 
Then, 

Proof. From the definition of uj\, we have 

-A(/3)i=nn^'^'^''(/5)i- 

Applying Lemmas 17.11 and 17.21 this product reduces to 

From the definition of the character a, (t(/3)i = — 1, giving the result. □ 

We now prove the main result. The main idea is that for a real- valued 
semisimple character x of U(n,Fg2) (for q odd), through Proposition 16.21 and 
Lemma ESI the sign of xiPI) is the same as the sign of the constant term 
of the corresponding self-dual polynomial. 

Theorem 7.1. Let n = 2m, and let q he odd. The numher of semisimple 
symplectic characters o/U(n,Fg2) is q"^~^ . 

Proof. From Theorem 15.1( 2). Theorem l4.lt and Lemma 17.31 we must show 
that the number of real- valued semisimple characters of U(2m, Fg2) such 
that IAW'^^)] is odd is q"^-^. 

In Proposition 16. H we give a one-to-one correspondence between real- 
valued semisimple characters of U(n,F^2) and self-dual polynomials over Fg 
of degree n. From Proposition 16.21 in this correspondence, the partition 
_ (^\^<t'^ corresponds to the factor {x — 1)'"'^, and the constant term 
of the self-dual polynomial corresponding to A is (—1)™"^. Thus, the number 
of real- valued semisimple characters of U(n,Fg2) such that m^j = [A^^'^^^l is 
odd is equal to the number of self-dual polynomials in Fq[x] of degree n with 
constant term equal to —1. 

Suppose g G Fg[x], g{x) = x" -|- On-ix"^"*^ -|- • • ■ aix + oq, is a self-dual 
polynomial of degree n = 2m, and we assume also that ao = —1. By ()6.ip . 
we also have 

(7.2) g{x) = -x'^gix-^) = a;" - aix^'^ Un-ix - 1. 

Since n = 2m is even, (17. 2p implies that we must have Om = —CLm, and 
so Om = 0. For 1 < i < m — 1, we may let Oi be any of q elements of 
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¥q, and then each a„_i = —at is determined. This gives a total of g™" 
polynomials. □ 

As proven in (BJ Theorem 4.4], there are exactly q"^ + g™"^ real- valued 
semisimple characters of U(2m,Fq) when q is odd. It follows from Theorem 
17. II that there are exactly q"^ semisimple orthogonal characters of U(2m, F^) 
when q is odd. As mentioned at the end of Section [5.1^ it follows from [14^ 
Corollary 3.1] that there are exactly q'^~^ symplectic regular characters and 
g*" orthogonal regular characters of U(2m, F^) when q is odd. 
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